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The University of

Nottingham

Aims

@ Construction of High—Order DGFEMs for a class of second—order
(quasilinear) PDEs;

© Develop the a posteriori error analysis and adaptive mesh design of
the DGFEM approximation of target functionals of the solution based
on employing anisotropic h—/hp—refined meshes.
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@ Measurement Problem: Given a user—defined tolerance TOL > 0, can
we efficiently design Sp, , such that

|J(u) — J(up)| < TOL.

Fluid dynamics:  drag and lift coefficients.
Other examples:  point value, flux, mean value, etc.

ADIGMA
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@ Applications

o Compressible (aerodynamic) flows. — ABIGMA
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Adaptivity E Nottingﬁam

o Goal:

() = J(un)| < Y 1me(un)| < Tol.

KETh
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' | Nottingham

o Goal:

() = J(un)| < Y 1me(un)| < Tol.

KETh

@ Automatic refinement algorithm:
Q Start with initial (coarse) grid 7;1(1':0)‘

o Compute the numerical solution u,(,j) on 7;70).

© Compute the local error indicators 7).
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Adaptive Algorithm (hp—Adaptivity) | GRSt

@ Regularity estimation via truncated Legendre series expansions.
Houston, Senior & Siili 2003, Houston & Siili 2005, Eibner & Melenk 2005.

@ If both v and z are deemed to be non-smooth, apply anisotropic
h—-refinement.

@ Else, perform anisotropic p—refinement

Stefano Giani (University of Nottingham) hp-Adaptive DGFEM for Compressible NS ESCO 2012 9 /22



Outline

9 Adaptive algorithms
@ h-Adaptivity

Stefano Giani (University of Nottingham) hp-Adaptive DGFEM for Compressible NS ESCO 2012 10 / 22



Adaptive Algorithm (h—Adaptivity) B | Nottnanam

@ Element refinements.

gl = 2567—/1,1 ‘nf:w 52 = 21{67—,1,2 ‘nf;ew 53 = 21{67—,1,3 ‘nlr;ew

@ Solve local primal and dual problems on elemental patches.

@ Boundary data extracted from global primal and dual solutions.
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S
IS
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Algorithm 1

Select optimal refinement

max (1] — &)/ (#dofs(Th,) — #dofs(Th)).

i=1,23
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Algorithm 1

Select optimal refinement

max (72| — £1)/ (#dofs(Th ) — #dofs(Th)).

it int]
4

Algorithm 2

@ Prescribe an h—anisotropy parameter 6, > 1.
@ When

max,-:172(<5’,-)

0
min;=12(&;) i

perform refinement in direction with minimal &;, i = 1, 2.

@ else perform isotropic h—refinement.

A,
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NACA0012 Airfoil (Comp. NS) E The universty of

Nottingham

Ma = 0.5, Re = 5000, o = 2° and adiabatic wall condition.
Drag coefficients:

JCdp(u) =

2 /
= —F n 'wdds,
Iplvf? s( )

va= (S N ()

2

where

Jey(u) ~ 0.056084.
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NACA0012 Airfoil — Unstructured ' | Nottingham

Mesh after 8 adaptive anisotropic refinements, with 10401 elements
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The University of

BTCO (Comp. NS) Nottingham

@ Ma =0.5.
@ Re = 5000.
o a=1°

@ Adiabatic wall condition.
@ Jc(u) ~ 0.002565
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The University of

Nottingham

Mesh after 3 adaptive anisotropic refinements, with 2324 elements

Stefano Giani (University of Nottingham) hp-Adaptive DGFEM for Compressible NS ESCO 2012 19 / 22



Outline

9 Adaptive algorithms

o p—Adaptivity
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The University of

Nottingham
Local Problems
P2 potl potl
Ty, piHl Thpo P T3 prHl

new new new

&L=y & = |y &3 = |y
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. . . The University of
Anisotropic p—Refinement I Nottingham

Local Problems

P2 pt prH

T pitl Tho P Th3 prHl

new new new

= |y = |y &3 = |y

v

Algorithm 1

Select optimal refinement

s (172~ €0/ (#4O(T) ~ #408(Th ).

) a

A,
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Anisotropic p—Refinement " | Nottingham
Local Problems
P2 potl potl
,T]ul ])H‘l 7—]12 P 771,33 p1+1

51 = |,r’lniew 52 = |,r’lniew 53 = |,r’lniew

v

Algorithm 2

@ Prescribe a p—anisotropy parameter 6, > 1
@ When

max;:172(5i/(#d0f5(771,i) - #dOfs(lnhl‘i)))
minj—1,2(&;/(#dofs(Th,i) — #dofs(Th,)))

enrich in polynomial in the direction with minimal &;, i = 1,2.

> 0p,

@ else perform isotropic p—refinement.

v
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NACA0012 Airfoil — Unstructured B Rottngham

3.5000-2

2250

Max: 6.000 o

Min: 1.000

o

-0.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2
hp—mesh distribution after 6 adaptive (anisotropic h—/isotropic p-)
refinements, with 2835 elements and 118520 degrees of freedom
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NACAO0012 Airfoil — Unstructured " | Nottingham

hp/px—mesh distribution after 6 adaptive (anisotropic h—/anisotropic p—)
refinements
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hp/p,—mesh distribution after 6 adaptive (anisotropic h—/anisotropic p—)
refinements
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