
Introduction Periodic structure A Posteriori Error Estimator Numerical results

Adaptive methods for photonic crystal
fibers

Stefano Giani

Supervisor: Ivan G. Graham
Department of Mathematical Sciences

University of Bath

MAFELAP 2006, BICOM
13-16 June 2006



Introduction Periodic structure A Posteriori Error Estimator Numerical results

What is a Photonic Crystal Fiber?

It can be possible for light of
certain frequencies to be
expelled for all directions - light
of these frequencies simply will
not propagate in the material.
This situation is called a
"photonic band gap".
A periodic structure could be
used to keep light of certain
frequencies in the center of the
fiber.
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Maxwell’s Equations















∇× E = − iω
c µH,

∇× H = iω
c εE,

∇ · µH = 0,

∇ · εE = 0.

µ = 1,

ε =





ǫ11 ǫ12 0
ǫ21 ǫ22 0
0 0 ǫ33



 ,

ǫ12 = ǫ21

TM Case:
E = (0, 0, u(x , y))
E = (uy (x , y),−ux (x , y), 0)

TE Case:
H = (0, 0, u(x , y))
E = (uy (x , y),−ux (x , y), 0)
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TE case

H = (0, 0, u(x , y)),

∇× (ε−1∇× H) +
ω2

c2 H = 0.

∇ · (M∇u) + λu = 0,

M =
1

ǫ11ǫ22 − ǫ2
12

(

ǫ11 ǫ12

ǫ21 ǫ22

)

.
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Floquet transform

g ∈ L2(R2) (Fg)(α, x) = e−iα·x
∑

n∈Z2

g(x − n)eiα·n

α ∈ [−π, π]2, x ∈ [0, 1]2

⇒Now the domain of x is a torus and α is a parameter.
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Floquet transform

(Fg)(α, x) = e−iα·x
∑

n∈Z2

g(x − n)eiα·n α ∈ [−π, π]2.

Lemma: F(∇g) = (∇ + iα)Fg.

TE: ∇ · (M∇u) + λu = 0, x ∈ T, α ∈ [−π, π]2.
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Floquet transform

(Fg)(α, x) = e−iα·x
∑

n∈Z2

g(x − n)eiα·n α ∈ [−π, π]2.

Lemma: F(∇g) = (∇ + iα)Fg.

TE: (∇ + iα) · M(∇ + iα)uα + λαuα = 0, x ∈ T, α ∈ [−π, π]2.
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Why a Posteriori Error Estimator for TE case?

Reasons:

• Optimize Computational Power

• Regularity in each Subdomain is H1+1/2+β(T), β > 0

• Solutions could oscillate a lot.
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Posteriori Error Estimator

aα(u, v) = λ(u, v), (Continuous)

aα(uh, vh) = λh(uh, vh), (Discrete)

• Th (Mesh resolves the interface), Vh ⊂ H1(T, C) ( Finite
Element Space)

• η(λh, uh) =

(

∑

τ∈Th
η2

τ (λh, uh)

)1/2

(Error Estimator)

Properties:

1. ‖e‖1 ≤ Cη+h.o.t . (Reliability)

2. λh − λ ≤ Cη2+h.o.t . (Reliability)

3. η ≤ C‖eh‖1+h.o.t . (Efficiency)
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Residuals

(with isotropic dielectricity ε)

η =

(

∑

τ∈Th

η2
τ (λh, uh)

)1/2

,

RI(uh, λh)(x) :=
(

(▽ + iα) · ε−1(▽ + iα)uh + λhuh
)

(x),

RE (uh)(x) := ([n̂ · ε−1
▽uh])(x)

+([n̂ · ε−1iαuh])(x).
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Residuals

(with isotropic dielectricity ε)

η =

(

∑

τ∈Th

hτ
2ετ‖RI(uh, λh)‖2

0,τ +
∑

e∈Fh

heεe‖RE (uh)‖
2
0,e

)1/2
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Shift

Proposition 1:(Gårding’s inequality)

For any constant K ≥ εmax

(

1
2 + |α|2

)

, we have

aα(u, u) + K‖u‖2
0,T ≥

1
2
‖u‖2

1,ε,T ∀u ∈ H1(T, C).

Define:
µ ≡ λ − K

µh ≡ λh − K
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Non-linearity

LEMMA 2:

(µu−µhuh, e)0,T =
λ + λh + 2K

2
(e, e)0,T + i(λh − λ)Im(u, uh)0,T.

LEMMA 3:

aα(e, v) + K (e, v)0,T − (λu − λhuh, v)0,T =
∑

τ∈Th

∫

τ RI(uh, λh)v̄ d t

−
∑

e∈Fh

∫

e RE(uh)v̄ dγ.

See [6].
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Reliability

THEOREM 4:

√

aα(e, e) ≤ Cr1η+
λ + λh + 2K

2
(e, e)0,T
√

aα(e, e)
.

THEOREM 5:

λh − λ ≤ C2
r1η

2+Cr1η
λh + λ + 2K

2
(e, e)0,T
√

aα(e, e)

+
λh − λ

2
(e, e)0,T.
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Numerical Results
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Supercell with defect
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Trapped mode
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Convergence
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