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Model Problem
Let Q be a bounded polygonal domain in R? (or a bounded
polyhedral domain in R3)
Problem: seek eigenpairs (\,u) of the problem

-V (AVu) =XBu in €,

u =0 on 0f.

We assume that .4 and B are both piecewise constant on Q and
that:

veeRY with |¢]=1, ¥xeQ, 0 < a < TAX)E < a,

and A is symmetric and

ol

Vx e, 0 < b < BXx) <
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Variational Formulation
/AVu-vvdx = A\ /Buvdx.
Q Q

a(u,v) = [ Avu-vvdx,
Q
Ivlle = a(v,v)"/2,

b(u,v) ::/Buvdx.
Q

Variational Problem: seek eigenpairs (A, u) € R x H}(£2) such
that

a(u,v) = Ab(u,v) forallv e H}(Q),

[ulloe = 1.
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The Ritz-Galerkin Method

Let V,, be a finite dimensional space such that: V, C H}():
Seek eigenpairs (An, Un) € R x V, such that

a(un,Vvn) = Anb(un,vn) forallv, € V,,

[Unllo = 1.

e 7, conforming and shape regular triangulation of €2,
¢ V), space of piecewise linear functions over 7,
e S, is the set of the internal edges of the triangles of 7.
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Standard Convergence Results

For H"® small enough:

‘)‘ - )‘n‘ < Cszpec(HrTaX)257

and
[lu — anunllla < CSpeC(HrTaX)S,

where s depends on the regularity if the eigenfunction.

Strang & Fix (1973), Babuska & Osborn (1991)
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Residual
Definition (Jump)

9] (x) := ( lim g(Xx) — _lim g()"()), with x € f.
Kery(f) Kemy(f)
X—X X—X

Definition (Residual)

Ri(u,A)(X) := (V- Avu + A\Bu)(x), withx €int(r), 7€,

Re(u)(x) := [Af - Avu],(x), withx €int(f), feSp.

1/2
= { 5 HAR G B + Y HIRen)IB |

Nottingham
T7€Tn feSn
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Reliability for Eigenfunctions

Theorem (Reliability for eigenfunctions)

Let (\,u) be a simple eigenvalue of the continuous problem
and let (\n, un) be the correspondent computed eigenpair.
Then we have for e, = u — anu, that

llenllle < C i + Gn,

where
b(en,en)

1
Gh=—=(N+ )\ .
0= 2 )T T
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Reliability for Eigenvalues

Theorem (Reliability for eigenvalues)

Let (A\,u) be a simple eigenvalue of the continuous problem
and let (An, un) be the correspondent computed eigenpair.
Then we have for e, = u — anu, that

An— A < C' 92 + G,
where

(en,en)

1 b 1
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Efficiency

Theorem (Efficiency)

Let (A\,u) be a simple eigenvalue of the continuous problem
and let (\n, un) be the corresponding computed eigenpairs.
Then we have that the global residual estimator is bounded by
the energy norm of the error as:

M < c” lllenllla + [[Hr(Ananun — )‘U)HOvB’Q'

Properties for H"®* small enough:

C"1ny < ||lu—anunllla <C .
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Marking Strategy 1

Set the parameter 0 < 6 < 1:
mark the edges (faces) in a minimal subset 7, of 7, such that

1/2
S 2] = 0m,
TG'ZA—n
where
nZn = HZ|R(un, Mn)lI§, + Z Hi||Re (un) 13 -

fESr
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1. Split all edges
2. Split one of the new edges
PROS:
1. A new node on each edge
2. A new node in the interior of the element
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Oscillations
Oscillations:
1/2
0SC(Vn, 7n) := (Z [H-(v ann)HE> :
7€Th

where (Ppvyp)|- == M J vn.

@ P. Morin, R. H. Nochetto, and K. G. Siebert (2000)
Data oscillation and convergence of adaptive FEM.
SIAM J. Numer. Anal. 38, 466-488.
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Marking Strategy 2

Set the parameter 0 < § < 1:
mark the sides in a minimal subset 7, of 7, such that

0sc(un, 7n) > 6 0sc(un, 7n).

Then we take the union of 7, U 7;, and we refine all the
elements in the union.
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Adaptivity Algorithm

Require 0 < 9 < 1,0 < d < 1and T
Loop

Compute (An, un) on 7,

Marking strategy 1

Marking strategy 2

Refine the mesh
End Loop
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Convergence for Adaptive FEMs

Convergence for Adaptive Finite Element Methods for Linear

Boundary Value Problems:
Daorfler (1996), Morin, Nochetto & Siebert (2000,2002), Karakashian & Pascal (2003), Mekchay & Nochetto (2005),
Mommer & Stevenson (2006), Morin, Siebert & Veeser (2007), Cascon, Kreuzer Nochetto & Siebert (2008), ...

Convergence for Adaptive Finite Element Methods for

Eigenvalue Problems:
G.& Graham (2009), Dai, Xu & Zhou (2008), Carstensen & Gedicke (2009),
Garau, Morin & Zuppa (2009)
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Convergence

Theorem (Convergence Result)

Provided that ) is a simple eigenvalue and that on the initial
mesh H'® is small enough, there exists a constant p € (0, 1)
and constants Cy, C; such that the recursive application of the
algorithm yields a convergent sequence of approximate
eigenvalues and eigenvectors, with the property:

[lu = anun [llo < Cop",

A= An| < CEP*",
and
0sc(AnUn, 7n) < Cqp".
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Error Reduction

Theorem (Error Reduction)

For each 6 € (0,1), exists a sufficiently fine mesh threshold
H# and constants 1 > 0 and p € (0, 1) such that:
For any ¢ > 0 then inequality

osc(un, 7n) < pe,

implies either
[lu = anun [llo <€,
or

lu = antatnga [lle < pfllu = anun o -
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Oscillations Reduction

Theorem (Oscillations Reduction)
There exists a constant 5 € (0, 1) such that:
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0SC(Un+1, Tnt1) < p0sC(Un, Tn) + C(HI™)? [[lu — antn ||| -
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Photonic Crystal Fibers (PCFs)

Applications: communications, filters, lasers, switchers
Figotin & Klein (1998), Cox & Dobson (1999), Dobson (1999), Sakoda (2001), Kuchment (2001),
Figotin & Goren (2001), Johnson & Joannopoulos (2002), Ammari & Santosa (2004),
Joannopoulos, Johnson, Winn & Meade (2008),...

[ S.G.

Convergence of Adaptive Finite Element Methods for Elliptic
Eigenvalue Problems with Applications to Photonic Crystals.!.:
Ph.D. Thesis , University of Bath (2008)
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Variational Formulation (e.g. TE)

a.(u,v) = /Q(vjtiré)u AV — iRV,

(U,V)oo ::/uv.
Q
Continuous Problem:

seek eigenpairs of the form (\,u) € R x H1(Q), with [jufoq =1
such that

a.(u,v) = \(u,v)oq forallv € HX(Q).

Energy Norm:

H’U H‘HAQ = (U,U) . I The University of

Nottingham
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Periodic Structure (1)

Eig: 50.4545

Figure: A cell of the periodic structure with .A = 1 outside and
A = 10000 inside and a picture of the eigenfunction corresponding to
the second smallest eigenvalue for quasimomentum (0, 0)
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Periodic Structure (II)

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

ak University of

Nottingham

Figure: An adapted mesh for the periodic structure with § = T
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Periodic Structure (lII)

Uniform Adaptive
A=l N [ 5 A=l N [ 5
1.3556 400 - 1.3556 | 400 -

0.4567 1600 | 0.7848 || 0.6362 | 903 | 0.9291
0.1596 6400 | 0.7584 || 0.2124 | 2690 | 1.0048
0.0563 | 25600 | 0.7516 | 0.1237 | 5495 | 0.7571
0.01489 | 102400 | 0.7874 || 0.0405 | 15709 | 1.0640

Table: Comparison between uniform and adaptive refinement (with
0 = 6 = 0.8) for the second smallest eigenvalue of the TE mode
problem with quasimomentum (0, 0).

IA=Xa| = O(N7P), N = #DOF.
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Defect modes (1)
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Figure: The structure of the supercell and the trapped mode.
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Defect modes (ll)

Figure: An adapted mesh for the periodic structure with § = § = 0.8.

Refinement in the interior and at the corners of the inclusiﬁf
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Defect modes (lll)
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Uniform Adaptive
A=l N | 8 [P=x[] N [ 5
0.5858 | 10000 - 0.5858 | 10000 -
0.1966 | 40000 | 0.7876 | 0.1225 | 20506 | 2.1791
0.0653 | 160000 | 0.7951 || 0.0579 | 44548 | 0.9659
0.0188 | 640000 | 0.8982 || 0.0078 | 220308 | 1.2541

Table: Comparison between uniform and adaptive refinement (with
0 = 6 = 0.8) for a trapped mode in the supercell for TE mode problem.

‘)\ - )\n’ - O(Niﬁ),

N = #DOF.
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Summary

e We prove the convergence of an adaptive finite element
method for elliptic eigenvalue problems,

e The proof exploits reduction results for error and
oscillations,
e Consequences:
e The computed approximated eigenpairs are approximation
of true eigenpairs,

e For any tolerance tol > 0 the adaptive algorithm will end
after a finite number of iterations.
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