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Model Problem

Let’s :

« Q a polygonal domain bounded in R?

o f a given function in L?(Q),

e A is a piecewise constant positive symmetric matrix on €,
Problem: seek u the solution of the problem

—div(Avu) =f in Q,

u =0 on 0.
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Weak Form
Problem: seek u € H3 () such that

a(u,v) = (f,v)oa W €H3(Q),

where
a(u,v) ::/(Avu)-vvdx,
Q

1/2
Ivile = </Q(Avv)-vv dx> ,

(f,V)o.a ::/fvdx.
Q
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Meshes and Discrete Problems(l)

Define:

e 7y conforming triangulation of Q
7Ty resolves the jumps of A,

e Sy is the set of the sides of the triangles of 7,
e Vy space of piecewise linear functions over 74.

Vi C H3(Q) N C°(Q) (conforming)
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Meshes and Discrete Problems(ll)

Problem: seek uy € Vy such that

a(un,vH) = (f,vH)o,a Vvh € V4.
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A Posteriori Error Estimate

’/H2 = Z '/S.HZ,

SeSy

2 1/2 2 2
s 2 = [HY23s|2 s + IHFIB o

Js = [AVUH]S - V.
Properties:
1. |jlu —unlll3 < C1?  (Reliability)

2. Cpijs 112~ CaH(f—t)[13 o, < Illu—uy |3, (Local Efficiency)
All constant C; are independent of H
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Goal

Given a tolerance ¢ > 0, compute an approximated solution uy:

Iu—unllle <e.
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Mesh Adaptivity (Algorithm A)

1. Solve the problem for uy

2. If ||[|u —uy]||q > € Then

3 Mark the elements to be refined
4., Refine the mesh

5 GoTo1l

6. End
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Old Framework

Regularity: u € H2(Q) N H(Q)
llu = un|| < CHR& |ulys-

Remarks:
e strategy: reduce Hmax,
¢ refine everywhere soon or later,
e mesh adaptivity doesn't fit in this framework.
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Definitions

Oscillations:

osc(f, 7n) := (Y _ [IH-(f — fiw)[[2)Y/2.

’TETH

Marking Strategy: for a given 0 < 6 < 1,

1/2
( > né,H) > Oy @

SESH

Refinement by newest-vertex bisection.
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Refined Mesh

Define:

e 7, conforming triangulation of Q
7T, is a refinement of 7y

e \},, space of piecewise linear functions over 7y,.

Vh € H3(Q) N C%Q) (conforming)
Vy C Vj

J/a UNIVERSITY OF
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Error Reduction (1)

Theorem
Let 75, be a triangulation of Q, 7;; and Sy be as defined in
Marking strategy 1. Let 7, be the refinement of 7.
Then there exist constants ¢ > 0 and 0 < « < 1, such that for
any ¢ > 0 if

osc(f,7y) < pe,

then either |||u — uy ||| < ¢ or the solution uy, on 7}, satisfies

Iu = u[l] < afflu = unl].
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Error Reduction (I1)

u>0and0 < a < 1depends on:
the minimum angle of the mesh 74,

the value of ¢ in the Marking strategy 1,

the continuity constant of the bilinear form a(-, -),

the coercivity constant of the bilinear form a(-, -),
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Remarks

e there is a condition on the initial mesh (osc(f, 7) < pue),

e if all the conditions are satisfied, the prescribed tolerance ¢
may be met in finite steps,

e the mesh size Hynax may not tend to 0,

DA
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Second Marking Strategy

Marking Strategy: for a given 0 < § < 1, enlarge 7;; such that:

osc(f,7y) > fosc(f, Ty). 2)
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Oscillation Reduction

Theorem

Let 75, be a triangulation of Q, 7y and Sy be as defined in
Marking strategy 2. Let 7, be the refinement of 7.
Then there exists constant 0 < & < 1, such that

osc(f,7y) < aosc(f, 7y).
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Mesh Adaptivity (Algorithm B)

1. Solve the problem for uy
2. If |[lu — uyl||@ > € Then
3 Marking strategy 1
4, Marking strategy 2
5 Refine the mesh
6. GoTo1l

7. End
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Main Result

Theorem
Let ux be a sequence of finite element solutions produced by
Algorithm B. There exist positive constants Cg, 8 < 1,
depending on the initial mesh and the data of the problem, such
that

lu — ugllle < CoB*.

DA
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Remarks

e the error may not decay at each single step,

e the condition on the initial mesh is only sufficient!
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