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What is a Photonic Crystal?

"Photonic crystals are periodic
dielectric structures [...] that are
designed to affect the
propagation of electromagnetic
waves (EM) [...]. The absence
of allowed propagating EM
modes inside the structures, in
a range of wavelengths is
called a photonic band gap..."
(Wikipedia Encyclopedia)
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Maxwell Equations















∇× E = −1
c

∂B
∂t ,

∇× H = 1
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∂t ,

∇ · B = 0,
∇ · D = 0,

E macroscopic electric field
H macroscopic magentic field
D displacement field
B magnetic induction field
c speed of light
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TH and TE cases















∇× E = − iω
c µH,

∇× H = iω
c εE,

∇ · µH = 0,
∇ · εE = 0.

µ = 1,

ε =





ǫ11 ǫ12 0
ǫ21 ǫ22 0
0 0 ǫ33



 ,

ǫ12 = ǫ21

TH Case:
E = (0, 0, u(x , y))
H = (∗, ∗, 0)

TE Case:
H = (0, 0, u(x , y))
E = (∗, ∗, 0)
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Floquet transform

Problem: the spectrum is not discrete

g ∈ L2(R2) (Fg)(α, x) = e−iα·x
∑

n∈Z2

g(x − n)eiα·n

α ∈ [−π, π]2, x ∈ [0, 1]2

⇒Now the domain of x is a torus and α is a parameter.
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Floquet transform

(Fg)(α, x) = e−iα·x
∑

n∈Z2

g(x − n)eiα·n α ∈ [−π, π]2.

Lemma: F(∇g) = (∇ + iα)Fg.

TH: ∇2u +
ω2

c2 ǫ33u = 0, x ∈ T, α ∈ [−π, π]2,

TE: ∇ · (M∇u) +
ω2

c2 u = 0, x ∈ T, α ∈ [−π, π]2.
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Weak Form

uα ∈ H1(T, C),−(∇ + iα) · M(∇ + iα)uα = λuα,

λ = λ(α), α ∈ [−π, π]2

∫

T

M(▽ + iα)uα · (▽ − iα)v dt =

∫

T

λuαv dt,∀v ∈ H1(T, C)
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Weak Form

uα ∈ H1(T, C),−(∇ + iα) · M(∇ + iα)uα = λuα,

λ = λ(α), α ∈ [−π, π]2

aα(uα, v) =

∫

T

λuαv dt,∀v ∈ H1(T, C)
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The Spectrum is Discrete and Real

Properties of aα(·, ·):

• Hermitian

• Coercive: aα(u, u) + K‖u‖2
0,T ≥ 1

2‖u‖2
1,ε,T, ∀u ∈ H1(T, C)

• Continuous

Solution Operator:

aα(Tf , v) = (f , v)0,T ∀v ∈ H1(T, C).
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What is a Posteriori Error Estimator?

aα(u, v) = λ(u, v), (Continuous)

aα(uh, vh) = λh(uh, vh), (Discrete)

Definitions:
• Th (Mesh), Vh ⊂ H1(T, C) (Finite Polynomial Space)
• eh := u − uh (Error for Eigenfunctions)
• γh := λ − λh (Error for Eigenvalues)

• η(λh, uh) =

(

∑

τ∈Th
η2

τ (λh, uh)

)1/2

(Error Estimator)

Properties:
1. ‖eh‖1 ≤ Cη (Reliability)
2. |γh| ≤ Cη2 (Reliability)
3. η ≤ C‖eh‖1+h.o.t . (Efficiency)

All constant C are independent of h
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Why a Posteriori Error Estimator for TE case?

Reasons:

• Optimize Computational Power

• Global Regularity H1+1/2−β(T), β > 0

• Solutions could oscillate a lot,

• Singularities in the gradient could occur (near corners)
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Residuals

η =

(

∑

τ∈Th

η2
τ (λh, uh)

)1/2

,

RI(uh, λh)|τ := |(▽ + iα) · m(▽ + iα)uh + λhuh|,

RE(uh)|τ := [n · m▽uh].
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Numerical Results
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Further

• Iterative Methods (e.q. Multigrid)

• Crystals with Defects

• 3D Crystals

• Solver (e.g. Subspace Iteration)

• Robust Estimator for the jumping ratio.
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Local Regularity

1. The interface is smooth:
• u ∈ H2(Ωi), ∀i = 1, 2

2. The interface is not smooth:
• u /∈ H2(Ωi), ∀i = 1, 2
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