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Model Problem

Let Q be a polygonal domain bounded in R?
Problem: seek eigenpairs (\,u) of the problem

{ ~v-A(Vu) =)XBu inQ,

u =0 on 0f.

a<éTAx)e<a forall € eR?with|¢|=1andforall xeQ,
b<B(x)<b forall xecQ.
Variational Problem: seek eigenpairs (), u) € R x H} () such that

a(u,v) = ANu,v)opa forallve H(Q),

where

a(u, v) ;:/Avu-wdx, lulllq = a(u, u)'2.
Q

(U, v)oBa ::/Buvdx.
Q)
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Meshes and Discrete Problems

Define:
@ 7, conforming and shape regular triangulation of Q2
@ F,is the set of the edges of the triangles in the interior of 7,
@ V), space of piecewise linear functions over 7,,.

Problem: seek eigenpairs (\n, uy) € R x V), such that

a(un, vn) = An(Un, Vn)ozo forall vy € V.

Stefano Giani (University of Nottingham, U Elliptic Eigenvalue Problems ZSS 08



Reliability for Eigenfunctions

Theorem (Reliability for eigenfunctions)

Let (\, u) be a simple eigenvalue of the continuous problem and let

(A\n, Un) be the correspondent computed eigenpair. Then we have for
en =Uu— Un that

lllenllla < Cnn + G,
where

1 (én, €n)o.B.a
Gn = (A + Ap) o ENI0BQ
n= g A T A T

[R. Verfurth (1996). A Review of Posteriori Error Estimation and
Adaptive Mesh Refinement Techniques. Wiley-Teubner]
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Definition (Jump)

[9]¢(x) :== ( lim g(x) — _lim g()"()), with x € f.
xer (f) xem(f)
X—X X—X

Definition (Residual)

Ri(u,\)(x) := (V- Avu + \Bu)(x), with x € int(r), 7€ Tp,

Re(u)(x) := [Ar - Avu] (x), with x € int(f), fe Fn.

1/2
mi={ IR A, + 3 HIAIR ]

TE'Z—n fej'—n
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Reliability for Eigenfunctions

Theorem (Reliability for eigenfunctions)

Let (\, u) be a simple eigenvalue of the continuous problem and let
(An, Un) be the correspondent computed eigenpair. Then we have for
en =Uu— Un that

lllenllla < Cnn + G,
where

1 (en, €n)o.B.a
Gn = = (A + Ap) o ENI0BQ
=z A T
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Reliability for Eigenvalues

Theorem (Reliability for eigenvalues)

Let (A, u) be a simple eigenvalue of the continuous problem and let

(A\n, Un) be the correspondent computed eigenpair. Then we have for
en =Uu— Un that

A=A < C' 12 + G,
where

1 €n, € 1
G;, = T’né(A = )\n)w + E(A - AI7)(ef'h en)O,B,Q-
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Efficiency

Theorem (Efficiency)

Let (\, u) be a simple eigenpair of the continuous problem and let
(An, Un) be the corresponding computed eigenpairs. Then we have that

the global residual estimator is bounded by the energy norm of the
error as:

nn < C'llenllle + [1H-(Antih — AU)ll0,5.0-
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Marking Strategy 1

Set the parameter 0 < 6 < 1: A
mark the sides in a minimal subset 7, of 7, such that

1/2
(z nz,,,) > o,

Te'fn

where

1
2. = H2||Ri(Un, M) 15, + D §Hf\|RF(Un)||g,f-
feor
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Mesh Adaptivity Algorithm

@ Settol,0 <0 <1and 7y
© Loop

Q Compute (Ap, up) on 7,
Q Marking strategy 1

Q Refine the mesh

© End Loop if n, < tol
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B=1, A={1,10000}.
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Refined Mesh
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Refined Mesh
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B=1, A={1,10000}.

Uniform Adaptive
#=05 #=0.8
A=l N [n[[A=X][ N [ nf[[A=X]] N [n
1.1071 81 1 1.1071 81 1 1.1071 81 1
0.3521 289 | 2| 0.2766 673 5 || 0.2244 799 | 3
0.1168 | 1089 | 3 || 0.0948 | 2080 | 8 0.0990 | 2235 | 4
0.0399 | 4225 | 4 || 0.0315 | 6039 | 11 | 0.0180 | 12375 | 6
0.0136 | 16641 | 5 || 0.0148 | 12607 | 13 || 0.0065 | 29148 | 7
0.0042 | 66049 | 6 | 0.0038 | 37126 | 16 || 0.0020 | 65387 | 8

Table: Comparison between uniform refinement and the adaptive method for
the smallest eigenvalue of the generic elliptic eigenvalue problem with
discontinuous coefficients.
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Oscillations

[P. Morin, R. H. Nochetto and K. G. Siebert (2000). Data oscillation
and convergence of adaptive FEM. SIAM J. Numer. Anal. 38|
Oscillations:

1/2
0sc(Vp, Tp) = (Z | H (v an,,)\E) ,

7€Tn

where (Ppvy)|, == m [ Vn
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Marking Strategy 2

Set the parameter 0 < § < 1: )
mark the sides in a minimal subset 7, of 7, such that

o0sc(un, 7n) > 0 osc(up, Tp).

Then we take the union of 7, U7, and we refine all the elements in the
union.
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@ Split any edge
© Split one of the new edge
PROS:
@ A new node on each edge
© A new node in the interior of the element
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Mesh Adaptivity Algorithm

@ Require0 <0 <1,0<0<1and T
© Loop

Q Compute (Ap, up) on 7,

Q Marking strategy 1
Q Marking strategy 2
Q Refine the mesh
(7

End Loop
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Convergence for Linear Problems

—v-(Avu) = f.

[P. Morin, R. H. Nochetto and K. G. Siebert (2000). Data oscillation
and convergence of adaptive FEM. SIAM J. Numer. Anal. 38]

@ osc decreases refining the mesh.

osc(f, Tpi1) < awosc(f,7p), witha < 1.

@ The decay of osc trigs the convergence in the energy norm.

a(up, up)'/?2 < Co p", withp < 1.
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Convergence for Eigenvalue Problems

-V -(Avu) = BAu.
[S. Giani and I. G. Graham (2007). A convergent adaptive method for
elliptic eigenvalue problems. submitted for publication ]
@ The decay of osc depends on the behavior of the error.

osc(Upi1, Tnp1) < @ osc(Un, Tn) + C" alu — up, u— uy)'/2.

@ The decay of the error depends on the behavior of osc.

Il = tnsallfa < Bnlllu—unlllg + C" osc(Antn, Tn)?.

@ The error and the quantity osc are linked together.

If Hy is small enough:
llu—upllla < Cop”, [A=An| < Gy p™,

osc(Up,Tpn) < C3p", withp < 1.
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